The traditional analyses for structures that are either built upon (for example, foundations), or are used for storage and handling of particulate solids (for example, bins, silos, hoppers, and bunkers) cannot account for important processes originating in the evolution of microscale particle kinematics and kinetics. Until recently, the complexity of these processes could only be perceived through macroscale experiments, but information derived from these experiments lacks the necessary level of detail that is needed for sound theoretical development. Limited information on the evolution of microstructural properties in deforming particulate solids emerged through ingenious experiments using photoelastic techniques. These techniques revealed the complex microstructural fabric and force propagation, the evolution of which governs what is observed as the constitutive response of the material. More recently, numerical simulations using the discrete element method have also proven to be powerful tools -effectively providing a virtual laboratory for studying microstructural evolution. We use the discrete element technique to examine the propagation of forces within a particulate solid that is subject to an indenting rigid flat punch on its surface. Particular attention is given to the formation, evolution and collapse of "force chains" (that is, quasi-linear chains of load-bearing particles). These force chains are surrounded by a weak network of particles that, despite carrying only a small amount of the load, provides the necessary stability for such chains to persist. A mathematical framework for the characterisation of these chains is used to investigate the evolution of the force chain network with indentation, with a focus on microstructure, force chain lengths, and length distributions. Finally, the first steps toward establishing correlations across multiple length scales are made by linking the macroscopic load-penetration response to the underlying evolution of contact forces and force chains.
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Introduction
Much of what is observed as the constitutive response (that is, stress-strain relation) of a particulate material is directly attributed to the underlying "microstructural evolution": changes in the particle kinematics and interparticle contact force transmission within the deforming medium. Microstructural evolution occurs across multiple length scales and has significant impact on macroscopic rheological behaviour. For example, experimental observations of key features on the mesoscale, such as finite width shear bands [9] , along with efforts at their prediction through continuum based theory [16] , clearly suggest micro, meso and macro scale dependencies in parameters. Thus, future models of particulate media must address physical mechanisms in both the microscopic (particle contact) level and the intermediate or mesoscopic domain (spanning several particles) and link these to the observable macroscopic behavior.
This article focuses on the nature of force propagation in a particulate material. Force propagation in particulate assemblies gives rise to chain-like regions of large forces known as "force chains" (see Figure 1 ). On the granular mesodomain, force propagation is characterised by the force chain network, which represents the main pathways of force transmission. Surrounding this highly ramified network is a weak network of particles that, despite carrying only a small amount of force, provides the necessary stability for such force chains to persist. As deformation proceeds, the force chain network undergoes rapid changes in branch morphology -reflecting the continual generation of new chains accompanied by the collapse of pre-existing chains.
Over the past decade, there has been intensive research devoted to the C358 Figure 1 : Images of a photoelastic disk experiment of particles confined in a vertical column [3] , showing effects of gravitational loading (left) prior to a uniform load applied to the top (right). development of techniques for simulation and analysis of force chains as well as their validation against experimental results [6, 15, 14, 8, e.g.] . The key ingredient in all of these studies is a quantitative measure of the contact force acting at each interparticle contact. From a theoretical viewpoint, the most effective tool for this purpose has been been the discrete element method which provides explicit information on the direction and magnitude of contact forces between particles. However, until recently, contact forces between particles could not be easily measured, and hence, experimental validation at this scale has not been performed. However, a recent breakthrough has been made whereby each individual vectorial contact force (both normal and tangential components) has been measured for a large two dimensional system of 2500 photoelastic disks [7] . This invaluable microstructural information thus provides a unique opportunity for validation of discrete element simulations and continuum models at the most fundamental level.
Once contact forces are established, a method must be developed to quantitatively identify or characterise force chains. In the past, the identification of force chains has been rather ad hoc and subjective [5] . Inspired by the C359 innovation in [7] , we recently proposed a mathematical framework for the characterisation of force chains [13] . Based on this, an algorithm was developed and implemented in discrete element simulations to establish the force chain network for a given particulate assembly at each stage of its deformation history. Here, a modified version of this algorithm examines the evolution of the resulting force chain network in a particulate material subject to an indenting rigid flat punch. The objective is to characterise the evolution of force chains as the punch indents. In particular, variations in the force chain properties including the average length of chains, total number of chains and distribution of chain lengths are established at various stages of the deformation history. Finally, first steps toward establishing correlations across multiple length scales are made by linking the macroscopic load penetration response to the underlying evolution of contact forces and force chains.
Characterisation of force chains
The proposed quantitative definition of a force chain is "a quasi-linear group of at least three particles with above average stress" [13] . This definition provides a quantitative method to characterise which particles are part of chains. Here, 'particle stress' refers to the largest eigenvalue, scaled by height to remove gravity effects, of a tensorial force moment per particle [1] , which gives an indication of the load carried by the particle.
Quasi-linear is quantified by minimising the angle between branch vectors joining a pair of particles and the eigenvector corresponding to the particle stress. Once particles are allocated to chains, various properties of a chain can be calculated. For example, one property used in the following results is the average 'strength' of a chain, which is the average of all the particle 'stresses' in the chain. Peters et al. [13] give a more complete discussion of this analysis. 
Numerical experiment
The system considered is a 2D polydisperse assembly of 10 850 circular disks subject to indentation by a rigid flat punch. The discrete element model used is derived from earlier work by Horner et al. [4] . It has been partially validated against photoelastic disk experiments, via distributions of contact force magnitudes and directions [12, 2, 10] . Simple contact laws based on Hooke's law in conjunction with Coulomb's law are used. The initial configuration was created by dropping the particles into the box, and allowing them to settle until individual rotations and displacements became negligible (see Figure 2 ). After settling, the punch moved down to reach a total indentation of approximately 14% of the height of the box. Table 1 summarises key parameters used in the simulations.
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Figure 2: The initial setup and dimensions of the flat punch system (top), and average kinetic energy of particles during settling phase (bottom). Figure 3 shows the system before the punch has indented. On the top, particles are coloured by the magnitude of their particle stress (defined in Section 2). The inhomogeneity of the stress field is clear, as are the preferential pathways of force transmission. On the bottom, particles are coloured according to whether or not they are part of a force chain, with the colour of each chain/particle representing its average strength (defined in Section 2). In all of the following results, dark blue corresponds to 0 (that is, not in a chain), then from light blue to red represents small to large strengths. A comparison of these two figures shows good agreement, demonstrating that the particle stress allows a characterisation of both direction and magnitude of force chains. Figure 4 shows the evolution of the force chain network under the punch, for three stages in indentation (referred to as stages A, B and C). As the punch moves into the material, force chains form to support the applied load, emanating radially outwards from the base of the punch.
An important application of this method of characterising force chains is the ability to measure individual force chain lengths, which has previously only been done in an ad hoc fashion in experiments [5] . Figure 5 (top) shows the evolution of the average length of force chains in two different averaging regions (over the whole specimen and in a smaller region under the punch). When averaged over the region under the punch, chains are slightly longer than when averaged over the entire specimen, which can be qualitatively observed in Figure 4 . Interestingly, as the punch indents, there is no noticeable change in the average chain length for either averaging regions, which suggests a characteristic force chain length. Figure 5 (bottom) shows how the distribution of chain lengths changes with evolution for stages A-C. The inset shows a semi-log plot, demonstrating an exponential distribution for lengths up to 11 particles, for all stages, consistent with experimental findings [5] . Once again, as there is no discernible change in the distribution with indentation, this is further evidence of a characteristic length. Figure 6 (top) shows the percentage of all particles that are part of force chains, for the same two averaging regions used in Figure 5 . Initially, this percentage is the same for the two averaging regions: since the punch has not indented yet, the spatial distribution of chains is isotropic (see Figure 3) . However, as the punch indents, the percentage in force chains increases in the region under the punch, but decreases when averaged over the whole specimen. Again, this may be qualitatively observed in Figure 4 . By varying the size of the averaging region and measuring when this quantity converges, the extent of the plastic flow zone could be established. 3% indentation) , 89% of the major chains were part of a chain, with 82% of these experiencing a build up in stress in the lead up to stage A. This demonstrates that most of the major chains were initially present in the existing force chain structure and strengthen on applied load. As indentation proceeds from A to B, the force chain network reconfigures: orientations of many of the major chains at A are no longer optimal pathways of force transmission. These break down and new chains are formed to resist the punch more efficiently. This reconfiguration of the force chain network is evident in Figures 4, 6 and 7. In particular, Figure 7 indicates that of the major chains at A, 70% have experienced a sudden reduction in strength from A to B. Further, of these, 30% have actually collapsed by stage B (corresponding to particles no longer in force chains). Stage B to C corresponds to the new force chain network created at B undergoing the same process as the original structure from the start to stage A. Note that in Figure 7 and in the preceding discussion, we only focused on what happens to a reference group of particles (major chains at stage A). Finally, the drop in load appears correlated with fluctuations observed in the percentage of particles in chains ( Figure 6 ). This provides motivation for a more comprehensive investigation of force propagation across three length scales (that is, contact force at microscale, force chain at mesoscale, and load penetration at macroscale) to identify and quantify correlations between behaviour across these scales [11] .
Conclusions
The key findings of this research are:
1. Using the method for characterising force chains [13] , the evolution of the force chain network of a granular material under indentation by a rigid flat punch was investigated.
2. Force chains were found to be longer directly underneath the punch (approximately 6.3 particles) than further away from the punch (approximately 5.9 particles), and more particles are in force chains directly underneath the punch than further away.
3. The distribution of chain lengths was found to be exponential, consistent with experiments [5] .
4. Neither the average length nor the distribution of force chains varied noticeably with indentation, suggesting a characteristic force chain length scale.
5. The macroscopic quantity of load penetration curve was examined, and the connection between its fluctuations and the force chain network discussed. The sudden drop in load was due to the reduction in strength of pre-existing chains, with some to the point of collapse. This correlation is evidence of bulk behaviour being closely governed and controlled by events occurring at smaller scales (inter-particle contact force on the microscale and force chain on the mesoscale).
This investigation paves the way for a more comprehensive multiscale analysis to quantify and explain these correlations across three length scales [11] .
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